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1. Introduction
Dolbeault cohomology is an algebraic invariant on complex manifolds, which is related
to the complex structures of complex manifolds. Blow-up is a fundamental transform in
complex geometry and algebraic geometry. It is important that Dolbeault cohomologies
vary under blowing up.
In [18], by Cordero’s Hirsch lemma, Rao, S., Yang, S. and Yang, X.-D. calculated the
Dolbeault cohomology of the projectivization of a vector bundle. Using this result, they
proved that, there exists an isomorphism for Dolbeault cohomology of blow-ups of compact
complex manifolds by the cohomology of sheaves, and expressed it explicitly for Fujiki class
C. They also provided some beautiful applications to bimeromorphic geometry. Moreover,
they gave a new proof of this isomorphism formula by relative Dolbeault cohomology in
the last version of [18]. Shortly after [18] was posted on arXiv, Angella, D., Suwa, T.,
Tardini, N. and Tomassini, A. [1] obtained the similar result under the center admitting a
holomorphically contractible neighborhood by C˘ech cohomology and considered the orbifold
case under some restrictions. Stelzig, J. [20] computed the double complex of blow-ups of
compact complex manifolds up to a suitable notation of quasi-isomorphism. Recently, Rao,
S. et al. [19] extend these results to bundle-valued case on compact complex manifold by
the similar way.
In this article, we extend the result in [18], [1] to unnecessary compact complex manifolds,
and write out an explicit formula of blow-ups for Dolbeault cohomology. A key approach
is that first consider the local cases, and then, extend them to the global cases by Mayer-
Vietoris sequences. Actually, this method was effectively used in [8, 11, 14, 15]. As follows,
we summarize it as a general principle and call it Glued Principle.
Lemma 1.1. Denote P(X) a statement on a smooth manifold X. Assume P satisfies
conditions:
(i) Local condition: There exists a basis U of topology of X, such that, for any finite
U1, ..., Ul ∈ U , P(U1 ∩ ... ∩ Ul) holds.
1
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(ii) Disjoint condition: Let {Uα|α ∈ Λ} be a collection of disjoint open subsets of X.
If P(Uα) hold for all α ∈ Λ, P(
⋃
α∈Λ Uα) holds.
(iii) Mayer-Vietoris condition: For open subsets U , V of X, if P(U), P(V ) and
P(U ∩ V ) hold, then P(U ∪ V ) holds.
Then P(X) holds.
Let π : X˜Z → X be the blow-up of a connected complex manifold X along a con-
nected complex submanifold Z. We know π|E : E = π−1(Z) → Z is the projectivization
E = P(NZ/X) of the normal bundle NZ/X . Let h = [
i
2piΘ(OE(−1))] ∈ H
1,1
∂¯
(E), where
Θ(OE(−1)) is the curvature of the Chern connection of a hermitian metric of the universal
line bundle OE(−1) on E.
Theorem 1.2. With above notations, let iE : E → X˜Z be the inclusion and r = codimCZ.
Then, for any p, q,
(1) π∗ +
r−2∑
i=0
(iE)∗ ◦ (h
i∪) ◦ (π|E)
∗
gives an isomorphism
Hp,q
∂¯
(X)⊕
r−2⊕
i=0
Hp−1−i,q−1−i
∂¯
(Z)→˜Hp,q
∂¯
(X˜Z).
There are some results of this type for other homologies and cohomologies, for instance,
singular cohomology [22], Chow group [22], Lawson homology [12], Deligne cohomology [6]
and Morse-Novikov cohomology [14]. Moreover, by above Theorem 1.2 and [14], Theorem
1.3, we can get this isomorphic formula for cohomology of a local system and Dolbeault
cohomology of a locally free sheaf, via Glued Principle. The proof will be given in the
forthcoming article [17].
2. A proof of Glued Principle
We first prove the follows:
(*) For open subsets U1,. . . ,Ur of X , if P(Ui1 ∩ . . . ∩ Uik) holds for any 1 ≤ i1 < . . . <
ik ≤ r, then P(
⋃r
i=1 Ui) holds.
Evidently, for r = 1, it is obviously. Suppose (*) holds for r. For r + 1, set U ′1 =
U1, . . . , U
′
r−1 = Ur−1, U
′
r = Ur ∪ Ur+1. Then P(U
′
i1 ∩ . . . ∩ U
′
ik
) holds for any 1 ≤ i1 < . . . <
ik ≤ r − 1. Moreover, by Mayer-Vietoris condition, P(U ′i1 ∩ . . . ∩ U
′
ik−1
∩ U ′r) also holds for
any 1 ≤ i1 < . . . < ik−1 ≤ r−1, since P(Ui1∩. . .∩Uik−1∩Ur), P(Ui1∩. . .∩Uik−1∩Ur+1) and
P(Ui1 ∩ . . . ∩ Uik−1 ∩ Ur ∩ Ur+1) hold. By inductive hypothesis, P(
⋃r+1
i=1 Ui) = P(
⋃r
i=1 U
′
i)
holds. We proved (*).
Let Uf be the collection of open sets which is the finite union of open sets in U .
(**) P(V ) holds for any finite intersection V of open sets in Uf.
Actually, V =
⋂s
i=1 Ui, where Ui =
⋃ri
j=1 Uij and Uij ∈ U . Then V =
⋃
J∈Λ UJ , where
Λ = {J = (j1, ..., js)|1 ≤ j1 ≤ r1, . . . , 1 ≤ js ≤ rs} and UJ = U1j1 ∩ ... ∩ Usjs . For any
J1, . . . , Jt ∈ Λ, P(UJ1 ∩ . . . ∩ UJt) holds by Local condition. Hence P(V ) = P(
⋃
J∈Λ UJ)
holds by (*).
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By [8], p. 16, Prop. II, X = V1 ∪ ... ∪ Vl, where Vi is a countable disjoint union of open
sets in Uf. Obviously, for any 1 ≤ i1 < . . . < ik ≤ l, Vi1 ∩ . . . ∩ Vik is a disjoint union of
the finite intersection of open sets in Uf. By Disjoint condition and (**), P(Vi1 ∩ . . . ∩ Vik)
holds. So P(X) holds by (*).
3. Leray-Hirsch theorem for Dolbeault cohomology
For a complex manifold X , denote by Ap,qX (resp. D
′p,q
X , Ω
p
X) the sheaf of germs of
(p, q)-forms (resp. (p, q)-currents, holomorphic p-forms) on X and denote by Ap,q(X) (resp.
Ap,qc (X), D
′p,q(X)) the space of (p, q)-forms (resp. forms with compact supports, currents)
on X .
Proposition 3.1. Let X be a complex manifold and Z, U closed, open complex submanifolds
of X, respectively. Assume i : Z → X, j : U → X, i′ : Z ∩ U → U and j′ : Z ∩ U → Z are
inclusions. Then, j′∗i
′∗ = i∗j∗ on A∗∗c (U). Dually, i
′
∗j
′∗ = j∗i∗ on D′∗∗(Z).
Proof. We get the propostion by definition immediately. 
For coherent analytic sheaves F and G on complex manifolds X and Y respectively, the
(analytic) external tensor product of F and G is defined as
F ⊠ G = pr∗1F ⊗OX×Y pr
∗
2G,
where pr1 and pr2 are projections from X × Y onto X , Y , respectively. Clearly, Ω
p
X×Y =⊕
r+s=pΩ
r
X ⊠ Ω
s
Y . Assume Y is compact. By [4], Chap. IX, (5.23) (5.24), we have an
isomorphism
pr∗1(•) ∪ pr
∗
2(•) :
⊕
k+l=p,r+s=q
Hk,r
∂¯
(X)⊗C H
l,s
∂¯
(Y )→˜Hp,q
∂¯
(X × Y )
for any k, l. It is Ku¨nneth formula for Dolbeault cohomology. We give a theorem of Leray-
Hirsch’s type as follows.
Theorem 3.2 (Leray-Hirsch Theorem). Let π : E → X be a holomorphic fiber bun-
dle over a connected complex manifold X whose fiber F is compact. Assume there exist
classes e1, . . . , er of pure degrees in H
∗∗
∂¯
(E), such that, for every x ∈ X, their restrictions
e1|Ex , . . . , er|Ex freely linearly generate H
∗∗
∂¯
(Ex). Then, π
∗(•) ∪ • gives isomorphisms of
bigraded vector spaces
H∗∗∂¯ (X)⊗C spanC{e1, ..., er}→˜H
∗∗
∂¯ (E).
Proof. Let t1, ..., tr be forms of pure degrees in A∗∗(E), such that ei = [ti] for 1 ≤ i ≤ r.
L∗,∗ = spanC{t1, ..., tr}, which is a bigraded vector spaces and isomorphic to spanC{e1, ..., er}.
For any open set U in X , set
Bp,q(U) =
⊕
k+l=p,u+v=q
Ak,u(U)⊗C L
l,v
and ∂¯B = ∂¯ ⊗ 1. For any p, (Bp,•(U), ∂¯B) is a complex, whose cohomology is
Dp,q(U) =
(
H∗,∗
∂¯
(U)⊗C spanC{e1, ..., er}
)p,q
=
⊕
k+l=p,u+v=q
Hk,u
∂¯
(U)⊗C (spanC{e1, ..., er})
l,v.
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Clearly, π∗(•) ∧ • : Bp,•(U)→ Cp,•(U) := Ap,•(E) induces a morphism
π∗(•) ∪ • : Dp,q(U)→ Ep,q(U) := Hp,q
∂¯
(EU ),
denoted by ΨU . We need to prove ΨX is an isomorphism. Here, this statement is denoted
by P(X).
For an open set U of X , suppose that EU = π
−1(U) is holomorphic trivial and ϕU :
U × F → EU is a holomorphic trivialization. Let pr1, pr2 be projections from U × F to
U , F respectively, which satisfy π ◦ ϕU = pr1. Given a point o ∈ U , set jo : F → U × F
as f 7→ (o, f). Clearly, pr2 ◦ jo = idF and io := ϕU ◦ jo is the embedding F →֒ EU of
the fiber Eo over o into EU . Set e
′
i = (ϕ
−1
U )
∗pr∗2i
∗
oei, i = 1, ..., r. Then i
∗
oe
′
i = i
∗
oei for
any i. Since i∗oe1, ..., i
∗
oer is linearly independent, there is a natural linear isomorphism
spanC{e1, ..., er}→˜spanC{e
′
1, ..., e
′
r}. We have a commutative diagram
H∗∗
∂¯
(U)⊗C spanC{e1, ..., er}
∼=

id⊗i∗o
**❯❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
H∗∗
∂¯
(U)⊗C spanC{e
′
1, ..., e
′
r}
pi∗(•)∪•

id⊗i∗o
// H∗∗
∂¯
(U)⊗C H∗∗∂¯ (F )
pr∗1(•)∪pr
∗
2 (•)

H∗∗
∂¯
(EU )
ϕ∗U
// H∗∗
∂¯
(U × F ).
By the hypothesis in the theorem, i∗o is an isomorphism. Since F is compact, pr
∗
1(•)∪pr
∗
2(•)
is isomorphic by Ku¨nneth formula, so is ΨU by above commutative diagram.
Let U be a basis of topology of X , such that, EU is holomorphic trivial for any U ∈ U .
For U1,..., Ul ∈ U , EU1∩...∩Ul is holomorphic trivial, so ΨU1∩...∩Ul is an isomorphism. Hence
P satisfies Local condition in Lemma 1.1.
Clearly, P satisfies Disjoint condition.
Given p, for any open subsets U , V in X , there is a commutative diagram of complexes
0 // Bp,•(U ∪ V )
pi∗(•)∧•

(ρU∪VU ,ρ
U∪V
V )
// Bp,•(U)⊕Bp,•(V )
(pi∗(•)∧•,pi∗(•)∧•)

ρUU∩V −ρ
V
U∩V
// Bp,•(U ∩ V )
pi∗(•)∧•

// 0
0 // Cp,•(U ∪ V )
(jU∪VU ,j
U∪V
V )
// Cp,•(U)⊕ Cp,•(V )
jUU∩V −j
V
U∩V
// Cp,•(U ∩ V ) // 0
,
where ρ, j are restrictions and the differentials of complexes in the first, second rows are
all ∂¯B, ∂¯, respectively. The two rows are both exact sequences of complexes. Therefore, we
have a commutative diagram of long exact sequences
· · ·
//
D
p,q−1(U ∩ V )
ΨU∩V

//
D
p,q(U ∪ V )
ΨU∪V

//
D
p,q(U)⊕Dp,q(V )
(ΨU ,ΨV )

//
D
p,q(U ∩ V )
ΨU∩V

//
· · ·
· · ·
//
E
p,q−1(U ∩ V ) // Ep,q(U ∪ V ) // Ep,q(U)⊕ Ep,q(V ) // Ep,q(U ∪ V ) // · · · .
If ΨU , ΨV and ΨU∩V are isomorphisms, then ΨU∪V is an isomorphism by Five Lemma. So
P satisfies Mayer-Vietoris condition.
By Glued Principle, we complete the proof. 
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For a holomorphic line bundle L on X , denote by Θ(L) the curvature of the Chern
connection of a hermitian metric of L. Then i2piΘ(L) ∈ A
1,1(X) ∩ A2(X) is ∂¯-closed.
Corollary 3.3 ([18], Prop. 3.3). Let π : P(E)→ X be the projectivization of a holomorphic
vector bundle E on a connected complex manifold X. Assume h = [ i2piΘ(OP(E)(−1))] in
H1,1
∂¯
(P(E)), where OP(E)(−1) is the universal line bundle on P(E). Then π
∗(•)∪• gives an
isomorphism of bigraded vector spaces
H∗,∗
∂¯
(X)⊗C spanC{1, ..., h
r−1}→˜H∗,∗
∂¯
(P(E)),
where rankCE = r.
Proof. For every x ∈ X , 1, h,. . . , hr−1 restricted to the fibre π−1(x) = P(Ex) freely linearly
generate H∗∗
∂¯
(P(Ex)). We get the lemma immediately, by Theorem 3.2. 
Remark 3.4. (1) Cordero, L. A. gave another version of Leray-Hirsch Theorem by a spectral
sequence introduced by Borel, A., where H∗∗
∂¯
(F ) need to have a transgressive algebraic basis,
referring to [3], Lemma 18. Using this theorem, Rao, S., Yang, S. and Yang, X.-D. [18]
proved Cor. 3.3 for compact cases. Actually, their proof also holds for possibly noncompact
complex manifold X, since Cordero’s Hirsch lemma holds for any base space.
(2) Theorem 3.2 and Corollary 3.3 also hold for cohomology of a local system and Dol-
beault cohomology of a locally free sheaf, via Glued Principle. The proof will be given in the
forthcoming article [17].
4. The blow-up formula
Now, we recall two sheaves defined in the third version of [18] and study their properties
by a little different approach there. Following the ideas in [18], we fill some details of their
proof with results in [7, 9, 20].
Let X be a complex manifold and i : Z → X the inclusion of a complex submanifold Z
into X . For any p, q, pull packs give an epimorphism Ap,qX → i∗A
p,q
Z of sheaves, which can
be checked locally (or referring to [18], Lemma 3.9). Denote
Gp,qX,Z = ker(A
p,q
X → i∗A
p,q
Z )
and by C∞X the sheaf of germs of complex-valued smooth functions on X . Clearly, G
p,q
X,Z is
a sheaf of C∞X -module, hence a soft sheaf. For any p, we have a short exact sequence of
complexes of sheaves
0→ (Gp,•X,Z , ∂¯)→ (A
p,•
X , ∂¯)→ (i∗A
p,•
Z , ∂¯)→ 0,
which induces a long exact sequence of sheaves
(2)
· · · // Hq−1(i∗A
p,•
Z , ∂¯)
// Hq(Gp,•X,Z , ∂¯)
// Hq(Ap,•X , ∂¯)
// Hq(i∗A
p,•
Z , ∂¯)
// · · · ,
where Hq(R•) is the q-th cohomology sheaf of the complex R• of sheaves. As we know,
Hq(Ap,•X , ∂¯) is Ω
p
X at q = 0 and 0 at q > 0. Define
FpX,Z = ker(∂¯ : G
p,0
X,Z → G
p,1
X,Z).
Since i∗ is an exact functor, by (2),
0→ FpX,Z → Ω
p
X → i∗Ω
p
Z → H
1(Gp,•, ∂¯)→ 0
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is exact andHq(Gp,•, ∂¯) = 0 for q ≥ 2. ΩpX → i∗Ω
p
Z is an epimorphism, which can be checked
locally. So, for any p,
(3) 0→ FpX,Z → Ω
p
X → i∗Ω
p
Z → 0
is an exact sequence of sheaves and
0 // FpX,Z
i
// Gp,0X,Z
∂¯
// Gp,1X,Z
∂¯
// · · ·
∂¯
// Gp,nX,Z
// 0
is a resolution of soft sheaves of FpX,Z .
Let π : X˜Z → X be the blow-up of a connected (unnecessary compact) complex manifold
X along a connected complex submaifold Z. We know π|E : E = π
−1(Z) → Z is the
projectivization E = P(NZ/X) of the normal bundle NZ/X . Let iZ : Z → X and iE : E →
X˜Z be inclusions.
The following lemma was first proved for smooth schemes over a field in [7], [9]. Stelzig
indicated it also hold for complex manifolds and the proof can be copied verbatim. Recently,
Rao, S. et al. [19] gave all details of the proof of this lemma on compact bases in the
holomorphic category by the same steps in [9] and moreover, they actually proved it for
the bundle-valued case. Following their steps ([9], [19]), we can easily extend it to possibly
noncompact manifolds with minor modifications.
Lemma 4.1. For any p ≥ 0, the following maps are isomorphisms:
(1) π∗ : ΩpX→˜π∗Ω
p
X˜Z
,
(2) (π|E)∗ : Ω
p
Z→˜(π|E)∗Ω
p
E,
(3) i∗E : R
qπ∗Ω
p
X˜Z
→˜iZ∗Rq(π|E)∗Ω
p
E, for q ≥ 1.
Proof. The proof of Lemma 4.1 (i), (ii) in [19] also hold for possibly noncompact manifolds,
so we obtain (1) and (2).
For (3), let OX˜Z (1) be the ideal sheaf OX˜Z (−E) associated to the divisor −E on X˜ .
Choose an open covering U of X such that the closure U is compact for any U ∈ U . Since
π is a projective morphism ([10], p. 290, Remark 2.1 (0)), by Grauert-Remmert theorem
([10], Chap. IV Thm. 2.1 (B)), there exists an integer mU , such that, for q ≥ 1, l ≥ mU ,
Rqπ∗(Ω
p
X˜Z
⊗O
X˜Z
OX˜Z (l)) = 0,
on U , where mU only depends on U¯ and Ω
p
X˜Z
. Following the steps of Prop. 3.3 in [7] or
Lemma 4.1 in [19] on the base U , we get the isomorphisms
i∗
E∩U˜
: Rqπ∗Ω
p
U˜Z∩U
→˜iZ∩U∗R
q(π|E∩U˜ )∗Ω
p
E∩U˜
,
for q ≥ 1, which are restrictions of i∗E to U exactly. Since X is covered by U , i
∗
E is an
isomorphism on X . 
Lemma 4.2. For any p ≥ 0,
Rqπ∗F
p
X˜Z ,E
=

FpX,Z , q = 0
0, q ≥ 1.
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Proof. For the short exact sequence (3) of the pair (X˜Z , E), we have a long exact sequence
(4) 0 // π∗F
p
X˜Z ,E
// π∗Ω
p
X˜Z
// π∗iE∗Ω
p
E
// R1π∗F
p
X˜Z ,E
// R1π∗Ω
p
X˜Z
// R1π∗(iE∗Ω
p
E)
// · · · // Rqπ∗F
p
X˜Z ,E
// Rqπ∗Ω
p
X˜Z
// Rqπ∗(iE∗Ω
p
E)
// · · · .
Let ΩpE → I
• be an injective resolution of ΩpE . Then iE∗Ω
p
E → iE∗I
• is also an injective
resolution. Since iZ∗ is an exact functor,
Rqπ∗(iE∗Ω
p
E) = H
q(π∗(iE∗I
•)) = Hq(iZ∗(π|E)∗I
•)) = iZ∗R
q(π|E)∗Ω
p
E .
By Lemma 4.1 (3) and the sequence (4), we get Rqπ∗F
p
X˜Z ,E
= 0 for q ≥ 2. Moreover, by
Lemma 4.1 (1) (2), π∗Ω
p
X˜Z
→ π∗iE∗Ω
p
E is exactly Ω
p
X → iZ∗Ω
p
Z , which is epimorphic. So
FpX,Z
∼= π∗F
p
X˜Z ,E
and R1π∗F
p
X˜Z ,E
= 0. We complete the proof. 
Remark 4.3. The first part of this lemma was proved with a direct way in the third version
of [18] (cf. Lemma 3.10) and the second part seems not to be treated there. After them, we
first gave above proof in the second version of the present article ([16]). Recently, Rao, S.
et al. [19] treated the bundle-valued cases with our approach. Actually, their results can be
obtained directly by ours and the projection formula.
By Leray spectral sequence and Lemma 4.2, π∗ induces an isomorhism
(5) Hq(X,FpX,Z)
∼= Hq(X, π∗F
p
X˜Z ,E
) ∼= Hq(X˜Z ,F
p
X˜Z ,E
).
Copying the proof of the third version of [18], (3.13) verbatim, we immediately get the
following commutative diagram of exact sequences
(6) 0 // Hp,q
∂¯
(X)
i∗Z

pi∗
// Hp,q
∂¯
(X˜Z)
i∗E

// cokerπ∗
∼=

// 0
0 // Hp,q
∂¯
(Z)
(pi|E)
∗
// Hp,q
∂¯
(E) // coker(π|E)∗ // 0
,
for any p, q.
Let h = [ i2piΘ(OE(−1))] ∈ H
1,1
∂¯
(E). We first consider the case that Z is a Stein manifold.
Lemma 4.4. Suppose Z is a Stein manifold. Then i∗EiE∗σ = h ∪ σ, for σ ∈ H
∗,∗
∂¯
(E).
Proof. By [5], Thm. 3.3.3, we can choose a Stein neighborhood U of Z such that there exists
a holomorphic map τ : U → Z satisfying τ ◦ lZ = idZ , where lZ : Z → U is the inclusion.
Let α ∈ Ap,q(E) be a representative of σ. By the commutative diagram (6), l∗E induces the
isomorphism
Hp,q
∂¯
(U˜)/π∗Hp,q
∂¯
(U)→˜Hp,q
∂¯
(E)/(π|E)
∗Hp,q
∂¯
(Z),
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where lE : E → U˜ is the inclusion. Hence, there exist a form η ∈ Ap,q−1(E) and ∂¯-closed
forms γ ∈ Ap,q(U˜), δ ∈ Ap,q(Z), such that α = l∗Eγ + (π|E)
∗δ + ∂¯η. So
α = l∗E (γ + (π|U˜ )
∗τ∗δ) + ∂¯η.
In H2dR(U˜), [lE∗(1)] = [E], where [E] is the fundamental class of E in U˜ . Since [E] =
[ i2piΘ(OU˜ (E))] ∈ H
2
dR(U˜), lE∗(1) =
i
2piΘ(OU˜ (E)) + dR for a real current T of degree 1 on
U˜ . Set R = S + S¯, where S ∈ D′0,1(U˜). Comparing the degrees, ∂¯S = 0. By [21], Cor.
2.15, H0,1
∂¯
(U˜) = H0,1
∂¯
(U) = 0, since U is Stein. So S = ∂¯S1 for some S1 ∈ D′0,0(U˜). Set
T = ∂(S¯1 − S1). Then
lE∗(1) =
i
2π
Θ(OU˜ (E)) + ∂¯T.
By projection formula of currents,
lE∗α =lE∗(1) ∧
(
γ + (π|U˜ )
∗τ∗δ
)
+ ∂¯(lE∗η)
=
i
2π
Θ(OU˜ (E)) ∧ (γ + (π|U˜ )
∗τ∗δ) + ∂¯Q,
where Q = lE∗η + T ∧ (γ + (π|U˜ )
∗τ∗δ) ∈ D′p+1,q(U˜).
Let j : U˜ → X˜Z be the inclusion. Since supp(lE∗α) ⊆ E, j|supp(lE∗α) is proper, which
implies that j∗(lE∗α) is defined well. Clearly, j∗(lE∗α) = iE∗α and j
∗j∗lE∗α = lE∗α. So
i∗EiE∗σ =i
∗
E[iE∗α] = l
∗
E [j
∗j∗lE∗α]
=l∗E[lE∗α]
=l∗E[
i
2π
Θ(OU˜ (E))] ∪ [α]
=h ∪ σ,
where [β] denote the class of Dolbeault cohomology of β and the last equation used the fact
OE(−1) = OU˜ (E)|E . 
Proposition 4.5. Theorem 1.2 holds for the case that Z is a Stein manifold.
Proof. By Proposition 3.3, we have the isomorphism
(7) (π|E)
∗(•) ∪ • : H∗,∗
∂¯
(Z)⊗C spanC{1, ..., h
r−1}→˜H∗,∗
∂¯
(E).
Suppose π∗αp,q +
∑r−2
i=0 (iE)∗
(
hi ∪ (π|E)∗βp−1−i,q−1−i
)
= 0, where αp,q ∈ H
p,q
∂¯
(X) and
βp−1−i,q−1−i ∈ H
p−1−i,q−1−i
∂¯
(Z) for i = 0, 1, ..., r − 2. Pull back it by i∗E, by Lemma 4.4,
(π|E)
∗i∗Zαp,q +
r−2∑
i=0
hi+1 ∪ (π|E)
∗βp−1−i,q−1−i = 0,
where iZ : Z → X is the inclusion. By the isomorphism (7), βp−1−i,q−1−i = 0 for every i.
So π∗αp,q = 0. By [23], Thm. 3.1, π
∗ is injective, so αp,q = 0. Hence the morphism (1) is
injective.
For any γ ∈ Hp,q
∂¯
(X˜Z), by the isomorphism (7), there exist βp−i,q−i ∈ H
p−i,q−i
∂¯
(Z) for
i = 0, 1, ..., r − 1, such that i∗Eγ =
∑r−1
i=0 h
i ∪ (π|E)∗βp−i,q−i. By Lemma 4.4,
i∗E
[
γ −
r−2∑
i=0
(iE)∗
(
hi ∪ (π|E)
∗βp−1−i,q−1−i
)]
= (π|E)
∗βp,q,
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which is zero in coker(π|E)∗. By the commutative diagram (6),
γ −
r−2∑
i=0
(iE)∗
(
hi ∪ (π|E)
∗βp−1−i,q−1−i)
)
= π∗αp,q,
for some αp,q ∈ H
p,q
∂¯
(X). So the morphism (1) is surjective.
We complete the proof. 
Having made above preparations, we can prove Theorem 1.2.
Proof. For any p, q, set
Fp,q = Ap,qX ⊕
r−2⊕
i=0
iZ∗A
p−1−i,q−1−i
Z .
Define ∂¯ : Fp,∗ → Fp,∗+1 as (α, β0, ..., βr−2) 7→ (∂¯α, ∂¯β0, ..., ∂¯βr−2). For any p, (Fp,•, ∂¯) is a
complex of sheaves. Let t = i2piΘ(OE(−1)) ∈ A
1,1(E). For any open subset U in X , define
Fp,q(U)→ D′p,q(U˜) as
ϕU =

(π|U˜ )
∗ +
∑r−2
i=0 (iE∩U˜ )∗ ◦ (t
i|E∩U˜∧) ◦ (π|E∩U˜ )
∗, Z ∩ U 6= ∅
(π|U˜ )
∗, Z ∩ U = ∅,
where iE∩U˜ : E ∩ U˜ → U˜ is the inclusion. Clearly, ∂¯ ◦ ϕU = ϕU ◦ ∂¯. Hence, ϕU induces a
morphism of graded vector spaces
ΦU : H
p,q
∂¯
(U)⊕
r−2⊕
i=0
Hp−1−i,q−1−i
∂¯
(Z ∩ U)→ Hp,q
∂¯
(U˜).
We need to prove that ΦX is an isomorphism. In followings, this statement is denoted by
P(X).
Let U be a basis of topology of X such that every U ∈ U is Stein. For U1,..., Ul ∈ U ,
U1 ∩ ... ∩ Ul ∩ Z is Stein. By Proposition 4.5, ΦU1∩...∩Ul is an isomorphism, so P satisfies
Local condition.
Obviously, P satisfies Disjoint condition.
For open sets V ⊆ U , denote by ρUV : F
p,q(U)→ Fp,q(V ) the restriction of the sheaf Fp,q
and jUV : D
′p,q(U˜) → D′p,q(V˜ ) the restriction of currents. By Proposition 3.1, jUV ◦ ϕU =
ϕV ◦ ρUV .
Given p, for any open subsets U , V in X , there is a commutative diagram of complexes
0 // Fp,•(U ∪ V )
ϕU∪V

(ρU∪VU ,ρ
U∪V
V )
// Fp,•(U)⊕Fp,•(V )
(ϕU ,ϕV )

ρUU∩V −ρ
V
U∩V
// Fp,•(U ∩ V )
ϕU∩V

// 0
0 // D′p,•(U˜ ∪ V˜ )
(jU∪VU ,j
U∪V
V )
// D′p,•(U˜)⊕D′p,•(V˜ )
jUU∩V −j
V
U∩V
// D′p,•(U˜ ∩ V˜ ) // 0
,
The two rows are both exact sequences of complexes. For convenience, denote
Lp,q(U) = Hp,q
∂¯
(U)⊕
r−2⊕
i=0
Hp−1−i,q−1−i
∂¯
(Z ∩ U).
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Therefore, we have a commutative diagram of long exact sequences
· · ·
//
L
p,q−1(U ∩ V )
ΦU∩V

//
L
p,q(U ∪ V )
ΦU∪V

//
L
p,q(U) ⊕ Lp,q(V )
(ΦU ,ΦV )

//
L
p,q(U ∩ V )
ΦU∩V

//
L
p,q+1(U ∪ V )
ΦU∪V

//
· · ·
· · ·
//
H
p,q−1
∂¯
(U˜ ∩ V˜ ) // Hp,q
∂¯
(U˜ ∪ V˜ ) // Hp,q
∂¯
(U˜)⊕H
p,q
∂¯
(V˜ ) // Hp,q
∂¯
(U˜ ∩ V˜ ) // Hp,q+1
∂¯
(U˜ ∪ V˜ ) // · · · .
If ΦU , ΦV and ΦU∩V are isomorphisms, then ΦU∪V is an isomorphism by Five Lemma. So
P satisfies Mayer-Vietoris condition.
By Glued Principle, we complete the proof. 
As an application of Theorem 1.2, we get
Corollary 4.6. Let X be a connected complex manifold and Z a connected complex sub-
manifold of X with codimension r ≥ 2. Then, for 1 ≤ q ≤ r− 1, the blow-up X˜Z of X along
Z is not strongly q-complete. In particular, X˜Z is not a Stein manifold.
Proof. By Theorem 1.2, Hq,q
∂¯
(X˜Z) ⊇ H
0,0
∂¯
(Z) = O(Z) 6= 0. So X˜Z is not strongly q-
complete by the vanishing theorem of strongly q-complete manifolds (cf. [4], p. 425, Cor.
(4.11)). 
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